In the current paper, the estimation of the probability density function and the cumulative distribution function of the Topp-Leone distribution is considered. We derive the following estimators: maximum likelihood estimator, uniformly minimum variance unbiased estimator, percentile estimator, least squares estimator and weighted least squares estimator. A simulation study shows that the maximum likelihood estimator is more efficient than the others estimators.
Introduction
The univariate continuous Topp-Leone distribution with bounded support was originally proposed by Topp and Leone (1955) and applied it as a model for some failure data. The probability density function (PDF) and cumulative distribution function (CDF) are respectively given, for 0 < x < 1 and α > 0, by f (x) = α (2 − 2x) 2x − x 2 α−1 (1) and
In recent years, the Topp-Leone distribution has received a huge attention in the literature. For instance, Nadarajah and Kotz (2003) derived the structural properties of this distribution including explicit expressions for the moments, hazard rate function and characteristic function. Kotz and Van Dorp (2004) proposed a generalized version of the Topp-Leone distribution for modeling some financial data and studied its properties. Ghitany et al. (2005) discussed some reliability measures of the Topp-Leone distribution and their stochastic orderings. Kotz and Nadarajah (2006) gave a bivariate generalization of this distribution. Ghitany (2007) derived the asymptotic distribution of order statistics of this model. Vicari et al. (2008) introduced a two-sided generalized version of the distribution and discussed some of its properties. The moments of order statistics from this distribution were discussed by Genç (2012) In many situations we need to estimate the PDF, CDF or both. For example, we use the PDF to estimate the differential entropy, Kullback-Leibler divergence, Rényi entropy and Fisher information; we use the CDF to estimate the quantile function, the cumulative residual entropy, Bonferroni and Lorenz curves whereas we can use the PDF and CDF together for estimating the probability weighted moments, the hazard rate function, the reverse hazard rate function and the mean deviation about mean.
In this paper, we discuss the efficient estimation of the PDF and the CDF for the Topp-Leone distribution by considering the following estimators: maximum likelihood estimator (MLE), uniformly minimum variance unbiased estimator (UMVUE), percentile estimator (PCE), least squares estimator (LSE) and weighted least squares estimator (WLSE). The rest of the paper is organized as follows. In Sections 2 and 3, we derive the MLE and the UMVUE of the PDF and the CDF with their mean squared errors (MSEs), respectively. The PCE, LSE and WLSE are considered in Sections 4 and 5, respectively. Section 6 includes a simulation study in order to compare the different proposed estimators.
2 MLE of the PDF and the CDF Suppose X 1 , . . . , X n is a random sample from the Topp-Leone distribution given by (1) and (2) . The MLE of α, denoted by α, is given by
Therefore, using the invariance property of MLE, we obtain the MLEs of the PDF (1) and the CDF (2) as follows
and
To calculate E f (x) r and E F (x) r , we need to.find the PDF of random
Then, the distribution of Z 1 is exponential with PDF given by
and then T is a gamma random variable with the PDF given by
Therefore, using some elementary algebra, the PDF of
In the following Theorem, we give E f (x) r and E F (x) r .
Theorem 1 We have
where K v (·) is the modified Bessel function of the second kind of order v.
Proof. From Equation (3), we can write
Using Formula (3.471.9) in Gradshteyn and Ryzhik (2000), we obtain
In a similar manner, one can obtain E F (x) r and then the proof of Theorem 2.1 is completed.
Remark 2 From Theorem 2.1, we observe (when r = 1) that the estimators f (x) and F (x) are biased for f (x) and F (x), respectively.
The MSEs of f (x) and F (x) are given in the following Theorem.
Theorem 3
The MSEs of f (x) and F (x) are respectively given by
Proof. We have
then, by setting r = 1 and r = 2 in Theorem 2.1, we obtain M SE f (x) . In a similar manner, we can find M SE F (x) .
UMVUE of the PDF and the CDF
In this section, the UMVUEs of the PDF and the CDF of the Topp-Leone distribution are derived. The MSEs of these estimators are also obtained.
Suppose X 1 , . . . , X n is a random sample from the Topp-Leone distribution. Then
is a complete sufficient statistic for α. The UMVUE of f (x), denoted by f * (t) , is given by Lehmann-Scheffé theorem
where f X 1 |T (x 1 |t) = f * (t) is the conditional PDF of X 1 given T and f X 1 ,T (x 1 , t) is the joint PDF of X 1 and T . Then, we need the following Lemma to find f X 1 |T (x 1 |t).
Lemma 4
The conditional PDF of X 1 given T is
Z i is a gamma random variable with the PDF given by (3).
Therefore, using some elementary algebra, the conditional PDF of Z 1 given T is
and the proof is completed.
Theorem 5 Let T = t be given. Then, the UMVUEs of f (x) and F (x) are respectively given, for − ln 2x − x 2 < t < ∞, by
Proof. From Lemma 3.1, we see immediately that f (x) is the UMVUE of f (x). Also, we obtain F (x) by integrating f (x) .
Theorem 6
where A = Proof. We have
where, from Equation (3),
The change of variables u = αt, yields
In a similar manner, we can find M SE F (x) .
PCE of the PDF and the CDF
The PCE was first introduced by Kao (1958 Kao ( , 1959 and used it when some probability distribution has the quartile function in a closed-form expression. In this section, the PCEs of the PDF and the CDF of the Topp-Leone distribution are derived. Let X 1 , . . . , X n be a random sample of size n from the Topp-Leone distribution in (2), and let X (1) , . . . , X (n) be the corresponding order statistics. Then the PCE of α, denoted by α P CE , is obtained by minimizing
where
. So, the PCEs of the PDF and the CDF are respectively given, for 0 < x < 1, by
Since it's difficult to find the MSEs of these estimators analytically, we shall calculate them by simulation.
LSE and WLSE of the PDF and the CDF
The LSE and WLSE were originally proposed by Swain et al. (1988) to estimate the parameters of Beta distributions. In this section, we use the same methods for the Topp-Leone distribution. Let X (1) , . . . , X (n) be the order statistics of a size n random sample from a distribution with CDF G (·). It is well known that
Using the expectations and the variances, two variants of the least squares method follow.
LSE of the PDF and the CDF
The LSE of the unknown parameter is obtained by minimizing the function
with respect to the unknown parameters. Therefore, for the Topp-Leone distribution the LSE of α, denoted by α LS ,is obtained by minimizing
Then, the LSEs of the PDF and the CDF are respectively given, for 0 < x < 1, by
WLSE of the PDF and the CDF
The WLSE of the unknown parameter is obtained by minimizing
with respect to the unknown parameters, where
Therefore, for the Topp-Leone distribution the WLSE of α, denoted by α W LS , is obtained by minimizing
Then, the WLS estimators of the PDF and the CDF are respectively given, for 0 < x < 1, by
Simulation study
In this section, by means of the statistical software R, a simulation study is carried out to compare the different proposed estimators: the MLE, the UMVUE, the PCE, the LSE and the WLSE of the PDF and the CDF. This comparison is based on the MSEs. To this end, we generate 1000 independent replicates of sizes n = 10, 20, 50 and 100 from the Topp-Leone distribution with α = 0.5, 1.0, 2.0 and 3.0. The Topp-Leone random number generation is performed using the inversion method:
, where U is a standard uniform random variable. The results are summarized in Table 1 . From this table, we observe that the MLEs of the PDF and the CDF have the smallest MSEs. Then, the MLE perform better than the others estimators in all the cases considered in terms of MSEs. Also, we observe that the MSEs for each estimator decrease with increasing sample size as expected. 
